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Constructions are described of maximal arcs in Desarguesian projective planes
utilizing sets of conics on a common nucleus in PG(2, q). Several new infinite
families of maximal arcs in PG(2, q) are presented and a complete enumeration is
carried out for Desarguesian planes of order 16, 32, and 64. For each arc we list the
order of its stabilizer and the numbers of subarcs it contains. Maximal arcs may be
used to construct interesting new partial geometries, 2-weight codes, and resolvable
Steiner 2-designs. © 2001 Elsevier Science
1. INTRODUCTION
A maximal {k; n}-arc K in a projective plane of order q is a subset of
k=nq+n−q points such that every line meets K in 0 or n points. A line
that meets K is called a secant, otherwise it is external. The number n of
arc points on a secant is called the degree ofK, 2 [ n [ q. The set of lines
external to K is a maximal {kŒ; nŒ}-arc KŒ in the dual plane, where
kŒ=nŒq+nŒ−q and nŒ=q/n.KŒ is called the dual ofK. In this article we
investigate maximal arcs in Desarguesian projective planes PG(2, q). It has
been shown [2] that no nontrivial maximal arcs exist in PG(2, q) if q is
odd. For q even a necessary and sufficient condition for the existence of a
degree n maximal arc in PG(2, q) is that n | q where 2 [ n < q [11].
Maximal arcs give rise to many interesting incidence structures such as
partial geometries, Steiner 2-designs and linear codes. So for example, a
maximal {k; n}-arcK in a projective plane p of order q yields a resolvable
Steiner 2-design S(2, n, k) on the arc points with blocks induced by the
secants. It is well known [16] that on the complementary set of points
p0K the secants induce a partial geometry pg(q−n, q−m, q−m−n+1),
where m=q/n. If on the other hand PG(2, q) is embedded as a hyperplane
in PG(3, q) a maximal arcK yields a partial geometry pg(q−1, k−1, n−1)
with points PG(3, q)0PG(2, q) and lines induced by those lines of PG(3, q)
which intersect PG(2, q) in a point of K [4]. Since K is a 2-intersection
set in PG(2, q) the coordinates of the arc points can be regarded as
columns of the generator matrix of an optimal 2-weight code [3, 5].
There are three basic general constructions for maximal arcs in PG(2, q).
(1) In 1969 Denniston [6] used a special pencil of conics to construct
maximal arcs in Desarguesian planes of even order. Let t2+at+1 be an
irreducible polynomial over GF(q), and let F be the set of conics given by
the pencil
Fl: x2+axy+y2+lz2=0, l ¥GF(q) 2 {.}.
Using homogeneous coordinates over GF(q) to represent PG(2, q) we see
that F0 is the point (0, 0, 1), F. is the line z2=0 and every other conic in
the pencil is non-degenerate and has nucleus F0. Following [7] we call Fl
the standard pencil. Denniston showed that if A is an additive subgroup of
GF(q) of order n then the set of pointsK of all conics Fl for l ¥ A, form a
maximal {q(n−1)+n; n}-arc. These arcs in PG(2, q) are called Denniston
maximal arcs and are characterized by invariance under a linear cyclic
collineation group of order q+1 [1]. Their full stabilizers have been
completely described [8].
(2) In 1974 Thas [15] used ovoids and spreads in generalized
quadrangles W(q) to construct maximal arcs of degree q in planes of order
q2. Let PG(3, q) be embedded as a hyperplane H in PG(4, q). Let O be an
ovoid and S a spread of H such that each line of S has exactly one point
in common with O. If x ¥ PG(4, q)0H then the union of points K on the
lines joining x and O form a maximal {q3−q2+q; q}-arc in the transla-
tion plane p defined by S. The known ovoids of PG(3, q), q even are the
elliptic quadrics and the Tits ovoids defined for q=22m+1, m \ 1. For a
plane p to be Desarguesian S must be a regular spread. It is known [8]
that any elliptic quadric-regular spread pair gives rise to a Denniston
maximal arc. Penttila [8] found that there are exactly two orbits on Tits
ovoids in the stabilizer of a regular spread yielding two families of Thas
maximal arcs of degree q in PG(2, q2), q=22m+1 associated with Tits
ovoids.
(3) In 1980 Thas [17] employed quadrics and spreads in projective
spaces to construct degree q t−1 maximal arcs in symplectic translation
planes of order q t. Let Q−=Q−(2t−1, q) be a non-singular elliptic quadric
and let S be a (t−1)-spread in PG(2t−1, q) (i.e., a partition into (t−1)-
dimensional subspaces) of which the restriction to Q− is a (t−2)-spread.
Embed PG(2t−1, q) as a hyperplane H in PG(2t, q). If x ¥ PG(2t, q)0H
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then the union of pointsK on the lines joining x and Q− form a maximal
{q2t−1−q t+q t−1; q t−1}-arc in the translation plane p defined by S. We
note that for t=2 we obtain Construction 2 in which the ovoid is an
elliptic quadric. Again as before, if S is regular then K is a Denniston
maximal arc [8]. A (t−1)-spread S in PG(2t−1, q) inducing a (t−2)-
spread in Q− is equivalent to a (t−2)-system contained by a (t−1)-system
of the symplectic polar spaceW2t−1(q) (see [9, 10, 14] for more details).
The rest of the paper is organized as follows. In Section 2 we give condi-
tions for a set of conics on a common nucleus to form a maximal arc.
Admissible sets are defined recursively from a basis utilizing a special
composition of conics. A concise algebraic description of the conics is pre-
sented in terms of sparse polynomials. Several infinite families of new
maximal arcs of degree q and 2q in PG(2, q2) are described in Section 3.
The last section contains an exhaustive enumeration of maximal arcs based
on conics in Desarguesian planes of order q=16, 32 and 64. For each
maximal arc we list the order of its stabilizer and the number of subarcs
contained in it. We conclude with some conjectures and open problems.
2. SETS OF CONICS
In a PG(2, 2m) represented via homogeneous coordinates over GF(2m)
let (a, b, c) denote points, [u, v, w] lines and let incidence be given by the
usual inner product au+bv+cw=0. Let C be the set of conics
Fa, b, l: ax2+xy+by2+lz2=0, l ¥GF(2m) 2 {.}, (1)
where a, b are non-zero elements of GF(2m) such that the quadratic poly-
nomial at2+t+b is irreducible over GF(2m), or equivalently, satisfying
Tr2m/2(ab)=1. Here Tr2m/2(a) stands for the trace of a ¥GF(2m) over
GF(2). We see that Fa, b, 0 :=F0 is the point (0, 0, 1), Fa, b,. :=F. is the line
at infinity z2=0 and every other conic is non-degenerate with nucleus F0.
We note that for fixed a, b satisfying Tr2m/2(ab)=1 the corresponding
conics in C are isomorphic to a Denniston subset of the standard pencil.
Given two non-degenerate conics Fa, b, l, FaŒ, bŒ, lŒ ¥ C with l ] lŒ define a
composition
Fa À aŒ, b À bŒ, l À lŒ=Fa, b, l À FaŒ, bŒ, lŒ
a À aŒ=al+aŒlŒ
l+lŒ , b À bŒ=
bl+bŒlŒ
l+lŒ , l À lŒ=l+lŒ.
(2)
Clearly, À is commutative and since (a À aŒ) À aœ=a À (aŒ À aœ)=
(al+aŒlŒ+aœlœ)/(l+lŒ+lœ) it is also associative. Moreover,Fa, b, l À Fa, b, lŒ
=Fa, b, l+lŒ implies that À is idempotent in the first two parameters.
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Lemma 2.1. Two non-degenerate conics Fa, b, l, FaŒ, bŒ, lŒ, l ] lŒ and their
composition Fa, b, l À FaŒ, bŒ, lŒ are mutually disjoint if Tr2m/2((a À aŒ)(b À bŒ))
=1.
Proof. Our aim is to map the three conics into a standard pencil. Let
A=
aŒl+alŒ
l+lŒ , B=
bŒl+blŒ
l+lŒ , C=
(abŒ+baŒ) llŒ+(ab+aŒbŒ) l2
l2+lŒ2
and let e=AB. Then
Tr2m/2(e)=Tr2m/2(AB)=Tr2m/2(ab)+Tr2m/2(C)
=Tr2m/2(aŒbŒ)+Tr2m/2(C)=Tr2m/2(a À aŒ)(b À bŒ))=1,
implying that both A, B ] 0 and that Tr2m/2(C)=0.
Consider a collineationH of PG(2, 2m) represented by the matrix
H=R1/a 0 00 a 0
b c 1
S
which maps (x, y, z) to (x/a, ay, bx+cy+z). It is easily verified that if
a=`A, b=`(a/A+1)/l and c=`A(b+B)/l then H maps the conics
Fa, b, l, FaŒ, bŒ, lŒ and Fa, b, l À FaŒ, bŒ, lŒ to F1, e, l, F1, e, lŒ and F1, e, l+lŒ, respectively.
Since e has trace 1 these conics are isomorphic to a subset of the standard
pencil. L
In order to state our main result we require the notion of a closure. A
subset F … C of non-degenerate conics is said to be closed under composi-
tion À if for any two different conics F, FŒ in F their composition F À FŒ
is also inF. We recall that any conic Fa, b, l in C has Tr2m/2(ab)=1.
Lemma 2.2. Suppose that a set F … C containing N conics is closed
under composition. Let FŒ=FaŒ, bŒ, lŒ ¥ C0F be a non-degenerate conic with
Tr2m/2(aŒbŒ)=1 such that Tr2m/2((a À aŒ)(b À bŒ))=1 for every Fa, b, l ¥F.
Then the closure FŒ=OF 2 {FŒ}P contains 2N+1 conics and FŒ=
{F, FŒ, F À FŒ | F ¥F}.
Proof. The claim follows from the fact that F is closed under compo-
sition and that
(F À FŒ) À (G À FŒ)=F À G. L
Starting from a single conic repeated applications of Lemma 2.2 yield the
following result.
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Corollary 2.3. A closed set F … C of conics on a common nucleus
contains 2d−1 conics, 1 [ d [ m.
Our next result shows that sets of conics closed under composition can
be used to construct maximal arcs.
Theorem 2.4. Let F be a closed set of 2d−1 conics with a common
nucleus F0 in PG(2, 2m), 1 [ d [ m. Then the set of points of all conics in F
together with F0 form a maximal {2m+d−2m+2d; 2d}-arcK in PG(2, 2m).
Proof. We will show that every line of PG(2, 2m) meets K in 0 or 2d
points. Since Tr2m/2(ab)=1, the line at infinity F. is external toK. Every
other line of the plane meets F. in one of its points (1, 0, 0), (a, 1, 0),
a ¥GF(2m) and hence belongs to the set of lines {[0, 1, 0], [0, b, 1], [1, a, b] |
b ¥GF(2m)}. The lines [0, 1, 0] and [1, a, 0] meet the common nucleus F0
and are therefore tangent to every conic in F. Consequently, they meetK
in |F|+1=2d points. Any of the remaining lines meets a conic F ¥F in
either 0 or 2 points. A line [0, b, 1] or [1, a, b], b ] 0 with points (x, 1, b)
or (a+bx, 1, x), x ¥GF(2m) is disjoint from F=Fa, b, l if and only if the
quadratic equation ax2+x+b+lb2=0 or a(a+bx)2+(a+bx)+b+lx2
=0 has no solution in GF(2m), respectively. This is equivalent to the
condition Tr2m/2(a, b, l)=0 of the form
Tr2m/2(ab2l)=0, or Tr2m/2 1aa2+a+bb2 l2=0. (3)
Using (2) it is easily verified that in both cases
Tr2m/2(a À aŒ, b À bŒ, l À lŒ)=Tr2m/2(a, b, l)+Tr2m/2(aŒ, bŒ, lŒ). (4)
Hence, if a line L does not meet both F and FŒ then it also does not meet
F À FŒ. There are two ways for L to interact with the conics in F. If
Tr2m/2(F)=0 for all F ¥F then L is disjoint fromK. On the other hand,
if Tr2m/2(F)=1 for some F ¥F then using the recursive doubling argu-
ment of Lemma 2.2 and (4) we see that there are exactly 2d−1 conics in
F with trace 1. Since by Lemma 2.1 the conics are mutually disjoint, L
intersectsK in 2d points. L
Next we consider a closed set of conics F={Fa, b, l} with parameters
a, b which are polynomials in l.
Theorem 2.5. Let p(l)=;d−1i=0 ail2
i−1 and q(l)=;d−1i=0 bil2
i−1 be poly-
nomials with coefficients in GF(2m). For an additive subgroup A of order 2d
in GF(2m) let F={Fp(l), q(l), l | l ¥ A0{0}} … C be a set of conics with a
common nucleus F0. If Tr2m/2(p(l) q(l))=1 for every l ¥ A0{0} then the
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set of points on all conics in F together with F0 form a maximal
{2m+d−2m+2d; 2d}-arc K in PG(2, 2m). If both p(l), q(l) have d [ 2 then
K is a Denniston maximal arc.
Proof. The result follows from Theorem 2.4 provided that polynomials
p(l) and q(l) satisfy composition. Since l2
i
+lŒ2i=(l+lŒ)2i for any
l, lŒ ¥GF(2m) we have
p(l) À p(lŒ)=p(l) l+p(lŒ) lŒ
l+lŒ =C
d−1
i=0
ai
l2
i
+lŒ2i
l+lŒ =C
d−1
i=0
ai(l+lŒ)2
i−1
and the same is true for q(l). Consequently,
Fp(l), q(l), l À Fp(lŒ), q(lŒ), lŒ=Fp(l) À p(lŒ), q(l) À q(lŒ), l À lŒ=Fp(l+lŒ), q(l+lŒ), l+lŒ.
Hence addition in A corresponds to composition inF.
If p(l)=a0+a1l, q(l)=b0+b1l then the collineation H of Lemma 2.1
with a=`a0, b=`a1/a0, c=`a0b1 and e=a0b0 maps Fp(l), q(l), l to F1, e, l.
These form a subset of the standard pencil whenever Tr2m/2(a0b0)=1. L
The degree 2d maximal arcs in PG(2, 2m) described in Theorem 2.5 are
uniquely determined by the 2d coefficients ai, bi ¥GF(2m), i=0, ..., d−1,
which in some way reflect the arc symmetry. In general, a maximal arc K
of degree 2d constructed from a closed set of conics inherits the rich
subgroup structure of the additive subgroup A of GF(2m). Since A is ele-
mentary abelian the subarcs of K are maximal of degree 2 s for all s,
1 [ s [ d and form a projective space PG(d−1, 2). Note that all degree 4
arcs obtained from the above Theorems are by Lemma 2.1 of Denniston
type. On the other hand, there exist closed sets of conics which are maximal
and cannot be extended any further.
3. NEW FAMILIES OF MAXIMAL ARCS
Let w be a primitive element of GF(22m), m > 1. The set G2m=
{w i(2
m+1) | i=0, ..., 2m−2} 2 {0} is the subfield of order 2m of GF(22m).
Since w i(2
m+1) 2m=w i(2
m+1) we see that x=x2
m
for any element x ¥ G2m. Using
the transitivity of trace we see that
Tr22m/2(x)=Tr2m/2(Tr22m/2m(x))=Tr2m/2(x+x2
m
)=0
for all x ¥ G2m.
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Theorem 3.1. Let w be a primitive element of GF(22m), e ¥GF(22m) an
element with Tr22m/2(e)=1, and let q(l)=;m−1i=0 bil2
i−1 be a polynomial with
coefficients b0=e, bi ¥ {0, 1}, for i=1, ..., m−1. Then the conics Fb=
{F1, q(l), l | l ¥ G2m} form maximal arcs of degree 2m in PG(2, 22m).
Proof. To satisfy the condition of Theorem 2.5 we must check the trace
of q(l). Since l is in the subfield G2m and the coefficients of nonzero powers
of l are either 0 or 1 we have
Tr22m/2 1 Cd−1
i=0
bil2
i−12=Cd−1
i=0
Tr22m/2(bil2
i−1)=Tr22m/2(e)=1. L
For example, in GF(64) we can take a primitive element w satisfying
w6+w=1 and e=w5 to form a set of 7 conics
{x2+xy+(w27i+w5) y2+w9iz2=0 | i=0, ..., 6}
corresponding to a maximal arc of degree 8 in PG(2, 64) with a stabilizer
of order 12.
In GF(256) we can take a primitive element w satisfying w25+w=1 and
e=w5 to form 3 sets of 15 conics
{x2+xy+(w51i+w5) y2+w17iz2=0 | i=0, ..., 14}
{x2+xy+(w119i+w5) y2+w17iz2=0 | i=0, ..., 14}
{x2+xy+(w119i+w51i+w5) y2+w17iz2=0 | i=0, ..., 14}
yielding 3 non-isomorphic arcs of degree 16 in PG(2, 256). Each of these
arcs contains 15 maximal subarcs of degree 8, most with small stabilizers.
Let G2m be the subfield of index 2 of GF(22m), for some m > 1, and
denote by
C={x ¥GF(22m) | x2+x ¥ G2m} (5)
the set of all solutions in GF(22m) of quadratic equations x2+x+c=0 with
c in the subfield G2m. Since Tr22m/2(c)=0 this equation has always 2 solu-
tions and so |C|=2m+1. Clearly, G2m … C, C is closed under addition and
contains its squares.
Next we construct maximal arcs of degree 2m+1 in PG(2, 22m) utilizing C
as an additive subgroup of GF(22m).
Theorem 3.2. Let e ¥GF(22m) be an element with Tr22m/2(e)=1 and let
C={x ¥GF(22m) | x2+x ¥ G2m}. If q(l)=l2
m−1−1+e then the conics F=
{F1, q(l), l | l ¥ C0{0}} form a maximal arc in PG(2, 22m) of degree 2m+1.
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Proof. To satisfy the condition of Theorem 2.5 we must show that in
GF(22m) the trace of x2
m−1−1 over GF(2) is 0 for all x ¥ C.
Let x2+x=c ¥ G2m. Reducing modulo x2+x+c yields
x2
m−1−1=x+(x+1) C
m−2
j=1
c2
j−1=C
m−2
j=1
c2
j−1+x C
m−2
j=0
c2
j−1.
Since the first sum is in G2m, Tr22m/2(x2
m−1−1)=Tr22m/2(x;m−2j=0 c2
j−1).
Using the expansion x+x2
m
=(x+x2)+(x2+x4)+· · ·+(x2
m−1
+x2
m
)=
c+c2+·· ·+c2
m−1
the trace over GF(2m) is
Tr22m/2m 1x Cm−2
j=0
c2
j−12=(x+x2m) Cm−2
j=0
c2
j−1=C
m−1
j=1
(c2
j−1+c2
m−1+2j−1−1).
But in GF(22m) we have (c2
m−1+2j−1−1)2=c2
m+2j−2. Consequently,
Tr2m/2 1 Cm−1
j=1
c2
j−12=Tr2m/2 1 Cm−1
j=1
c2
m−1+2j−1−12 ,
and the desired result follows from the transitivity of trace
Tr22m/2(x2
m−1−1)=Tr2m/21Tr22m/2m 1x Cm−2
j=0
c2
j−122=0. L
For example, in GF(64) with a primitive element w satisfying w6+w=1,
e=w5 and C={w9i, w9i+w21 | i=0, ..., 6} 2 {0, w21} we obtain a set of 15
conics
{x2+xy+(w5+l3) y2+lz2=0 | l ¥ C0{0}}
corresponding to a maximal arc of degree 16 in PG(2, 64) with a stabilizer
of order 12. This arc contains 5 non-isomorphic degree 8 maximal arcs
with stabilizers of order 12, 6, 4, 4 and 2 including our previous example.
In GF(256) we can take a primitive element w satisfying w25+w=1,
e=w5 and C={w17i, w17i+w7 | i=0, ..., 14} 2 {0, w7} to obtain a set of 31
conics
{x2+xy+(w5+l7) y2+lz2=0 | l ¥ C0{0}}
corresponding to a maximal arc of degree 32 in PG(2, 256) which contains
31 non-self dual maximal subarcs of degree 16.
Our final family of maximal arcs have degree 22m+2 and live in
PG(2, 24m+2).
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Theorem 3.3. Let e ¥GF(24m+2) be an element of trace 1 over GF(2),
and let C={x ¥GF(24m+2) | x2+x ¥ G2m+1}. If q(l)=l3+e then the conics
F={F1, q(l), l | l ¥C0{0}} form a maximal arc of degree 22m+2 in PG(2, 24m+2).
Proof. To satisfy the condition of Theorem 2.5 we must show that in
GF(24m+2) the trace of x3 over GF(2) is 0 for all x ¥ C.
Since x2+x=c ¥ Gq, q=22m+1 we have x3=xc+x+c. Using trace
transitivity we obtain
Trq2/2(x3)=Trq2/2(xc+x)=Trq/2(Trq2/q(xc+x))=Trq/2((1+c)(x+xq)).
Write x+x q=c+(c2+c 4)+ · · ·+(c 2
2m−1
+c 2
2m
) and (x+xq) c=c 2+
;2mj=1 c2
j+1. Then since Trq/2(y+y2)=0 for all y ¥ Gq we obtain
Trq/2((1+c)(x+xq))=Trq/2 1 C2m
j=1
c2
j+12=Trq/2 1 Cm
j=1
(c2
j+1+c2
2m−j+1+1)2 .
Since (c2
2m−j+1+1)2
j
=c2
j+q=c2
j+1 it follows from the definition of Trq/2 after
some rearrangement of terms that
Trq/2(c2
2m−j+1+1)=Trq/2(c2
j+1)
which implies that Trq2/2(x3)=0. L
We note that the maximal arcs of degree 16 in PG(2, 64) constructed via
Theorems 3.2 and 3.3 are identical.
4. MAXIMAL ARCS IN SMALL PLANES
In this section we present results of an exhaustive computer search for
maximal arcs based on sets of conics in Desarguesian planes of order 16, 32
and 64. To distinguish the arcs we have utilized two invariants which also
can be used to find collineation stabilizers.
For small maximal arcsK we search for ‘‘good’’ quadrangles inK, such
that the three extra points of a Fano plane containing the quadrangle lie on
a secant to K. The numbers of such good quadrangles incident with arc
points form an excellent vector invariant which has been used before for
hyperovals [13]. Various refinements, such as counting Fano subplanes
contained inK, etc., may lead to faster algorithms in special cases.
For large degree arcs we employ invariants based on the structure of
subarcs. If K is of degree 2d then it contains (2d−1)(2d−1−1)/3 maximal
subarcs of degree 4 which by Lemma 2.1 are all of Denniston type and
correspond to lines in the associated PG(d−1, 2) on conics. The number
of different types of subarcs is a strong vector invariant. For example,
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a degree 16 maximal arc in PG(2, 64) contains 35 degree 4 subarcs which
are of 4 types and 15 degree 8 subarcs which belong to 38 types (see
Tables II–IV).
4.1. Maximal Arcs in PG(2, 16)
The Desarguesian plane of order 16 contains two maximal arcs of degree
4 and 2 maximal arcs of degree 8. The degree 4 arcs and one of the degree 8
arcs are of Denniston type. With a primitive element w in GF(16) satisfy-
ing w4+w=1 these arcs have stabilizers of order |G|=68, 408, 16320 and
are formed by the sets {x2+xy+w3y2+lz2 | l ¥ A0{0}}, where A are the
additive subgroups O1, wP, O1, w5P and O1, w, w2P, respectively. The other
degree 8 maximal arc is formed by
{x2+xy+(w11+w10l+l3) y2+lz2 | l ¥ O1, w, w2P0{0}}.
Its dual is the Lunelli–Sce hyperoval with stabilizer of order |G|=144.
4.2. Maximal Arcs in PG(2, 32)
The Desarguesian plane of order 32 contains one Denniston maximal arc
of degree 4, 8, and 16, respectively. In GF(32) let w be a primitive element
satisfying w18+w=1. Since 1 has unit trace in GF(32) the Denniston
arcs are formed by {x2+xy+y2+lz2 | l ¥ A0{0}}, where A is O1, wP,
O1, w, w2P and O1, w, w2, w3P, respectively. The degree 4 and 8 arcs are
duals of each other with |G|=66, and the unique maximal arc of degree 16
is dual of the classical hyperoval with |G|=163680.
In addition to these known maximal arcs there are 3 new maximal arcs
of degree 8, their duals of degree 4, and one arc of degree 16. These 3 new
arcs have stabilizers of order 2 and are formed by
{x2+xy+(wk+w ll+wml3) y2+lz2 | l ¥ O1, w, w9P0{0}},
with exponents (k, l, m)=(12, 15, 4), (5, 25, 14), and (6, 19, 8), respec-
tively.
The set of 15 conics
{p(l) x2+xy+q(l) y2+lz2 | l ¥ O1, w, w7, w9P0{0}},
p(l)=w25+w16l+w10l3+w30l7, q(l)=w27+w5l+w11l3+w3l7,
form a maximal arc of degree 16 which is the dual of Cherowitzo’s
hyperoval (see [12]) with stabilizer of order |G|=5.
A randomized search has been carried out in PG(2, 32) for maximal arcs
of degree 4. The only solutions found were dual to the 3 new degree 8 arcs
and the Denniston arc with frequencies proportional to reciprocals of their
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stabilizer orders. It is therefore almost certain that except for hyperovals
and their duals no other maximal arcs exist in PG(2, 32).
4.3. Maximal Arcs in PG(2, 64)
In the Desarguesian plane of order 64 there are 4 non-isomorphic
Denniston maximal arcs of degree 4, 7 of degree 8 and 4 of degree 16.
Except for hyperovals and their duals the only other previously known
maximal arcs are two degree 8 arcs related to Tits ovoids (see Construction 2
TABLE I
Conics and Invariants for Degree 8 Maximal Arcs in PG(2, 64)
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of Thas in Section 1). Note that the 7 Denniston and 2 Thas degree 8
maximal arcs are all self-dual.
We have constructed 31 new non self-dual maximal arcs of degree 8 and
90 new arcs of degree 16 using an exhaustive backtrack search based on the
extension Lemma 2.2. This brings the totals of known degree 4 and 8
maximal arcs in PG(2, 64) to 94 and 71, respectively.
As in Section 3, let w be a primitive element of GF(64) satisfying
w6+w=1. Denote by D1, D2, D3, D4 the 4 Denniston maximal arcs of
degree 4 formed by {x2+xy+w5y2+lz2 | l ¥ A0{0}}, A=O1, w21P,
O1, w9P, O1, w7P, O1, wP with stabilizers of order |G|=2340, 780, 260, 130,
respectively.
In Table I we list exponents (k, l, m) of the coefficients of q(l) and
exponents (a, b, c) of the generators of an additive subgroup A of GF(64)
(where an empty space corresponds to a zero coefficient) for the Denniston
(No. 1–7) and new (No. 8–38) maximal arcs of degree 8 formed by
{x2+xy+(wk+w ll+wml3) y2+lz2 | l ¥ Owa, wb, wcP0{0}}.
For each arc we list the order |G| of its stabilizer, the number Ni of
Denniston degree 4 subarcs Di, i=1, ..., 4 and the number E of non-iso-
morphic degree 16 arcs it extends to. The maximal arc from Theorem 3.1
is arc No. 13 in Table I. We note that duals of the new degree 8 arcs
(No. 8–38) do not contain any subarcs.
In Tables II–IV we list exponents (kŒ, lŒ, mŒ, nŒ), (k, l, m, n) of the coeffi-
cients of p(l), q(l) and exponents (a, b, c, d) of the generators of A in
GF(64), respectively, for the 94 maximal arcs of degree 16 in PG(2, 64)
formed by the conics
{p(l) x2+xy+q(l) y2+lz2 | l ¥ Owa, wb, wc, wdP0{0}},
p(l)=wkŒ+w lŒl+wmŒl3+wnŒl7, q(l)=wk+w ll+wml3+wnl7.
TABLE II
Conics and Invariants for Degree 16 Maximal Arcs in PG(2, 64), Part 1
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TABLE III
Conics and Invariants for Degree 16 Maximal Arcs in PG(2, 64), Part 2
We also list stabilizer orders |G| and distributions of degree 8 maximal
subarcs, where the k-th component contains the number of arcs No.k. The
maximal arc from Theorem 3.2 is No. 6 in Table II. As it is seen from the
tables, each arc has a unique ‘‘signature’’ of degree 8 maximal subarcs
making it a perfect invariant. We note that none of the 80 degree 16
maximal arcs in Tables III and IV contains a Denniston degree 8 subarc
and that all of them and their degree 4 duals have trivial stabilizers in
PG(2, 64). The distribution of Denniston degree 4 maximal subarcs can be
calculated from the distribution of degree 8 maximal subarcs. It is found
that a degree 16 maximal arc in PG(2, 64) contains either 1 or 5 D1’s, 3 or
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TABLE IV
Conics and Invariants for Degree 16 Maximal Arcs in PG(2, 64), Part 3
7 D2’s, 9 or 13 D3’s and 18 or 22 D4’s with many arcs having the same dis-
tribution. Also note that each of the 38 maximal arcs of degree 8 is a
subarc of some maximal arc of degree 16. Arcs No. 24, 36, 38, 39, and 69
are completely ‘‘heterogeneous’’ since they contain 15 non-isomorphic
maximal subarcs of degree 8.
5. CONCLUSIONS AND OPEN PROBLEMS
In Section 3 we have used certain l-polynomials {p, q} to map additive
subgroups A of GF(2m) to subsets of conics on a common nucleus which
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form maximal arcs in PG(2, 2m). Since a {p, q}-map is hereditary, sub-
groups of A are mapped to maximal subarcs of the arc created by A induc-
ing a projective space on its conics. Moreover, {p, q}-maps which are
constant or linear in l generate the well known Denniston maximal arcs.
Based on the behavior of {p, q}-maps in PG(2, 2m) for 4 [ m [ 8, we
conjecture that the number of maximal arcs in PG(2, 2m) is growing expo-
nentially with m. In PG(2, 128) we have generated thousands of degree 4
and 8 maximal arcs by extending the 3 Denniston maximal arcs of degree 4.
We conclude by posing a few question concerning the new family of
maximal arcs.
(1) Which of the new maximal arcs of degree q in PG(2, q2) are
linear (i.e., arise from a Thas like construction in higher dimensional
projective spaces)? It is known [7] that all Denniston maximal arcs are
linear.
(2) Is it true that if both an arc and its dual is generated by a {p, q}-
map then it is a Denniston maximal arc?
(3) What is the largest d of a non-Denniston arc of degree d
generated by a {p, q}-map in PG(2, 2m)? If d=2m−1 (as in PG(2, 16) and
PG(2, 32)) what hyperovals are their duals?
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